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Lattice Averages
We have independent lattice results from different lattice groups using different 
methods for an increasing number of quantities 
⇒ need averages ⇒ inputs into UT fits

• two efforts:
1. FLAG -1 (Flavianet Lattice Averaging Group)
    Colangelo, et al (Eur. Phys. J. C71 (2011) 1695, http://itpwiki.unibe.ch/flag/) 12 people (EU)
    light quark quantities only

2. LLV (Laiho, Lunghi, Van de Water) 
    (Phys.Rev.D81:034503,2010, http://latticeaverages.org/)
    light and heavy quark quantities
    + UT fits with lattice averages as input
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Lattice Averages
We have independent lattice results from different lattice groups using different 
methods for an increasing number of quantities 
⇒ need averages ⇒ inputs into UT fits

• two efforts:
1. FLAG -1 (Flavianet Lattice Averaging Group)
    Colangelo, et al (Eur. Phys. J. C71 (2011) 1695, http://itpwiki.unibe.ch/flag/) 12 people (EU)
    light quark quantities only

2. LLV (Laiho, Lunghi, Van de Water) 
    (Phys.Rev.D81:034503,2010, http://latticeaverages.org/)
    light and heavy quark quantities
    + UT fits with lattice averages as input

FLAG -2 (Flavor Lattice Averaging Group)
28 people (EU, US, Japan) representing the big lattice collaborations 
light and heavy quark quantities
1st review  (arXiv:1310.8555  with April 30 deadline  → revision in progress with November 30 deadline)
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+

= http://itpwiki.unibe.ch/flag/
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The FLAG-2 collaboration
Editorial Board Advisory Board

Vus and Vud Kaon B-parameter

Light Quark Masses LECs Strong Coupling

B,D decay constants and B mixing Semileptonic B,D meson form factors
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MILC used by FNAL/MILC, HPQCD, SWME
RBC/UKQCD used by χQCD
ETM used by Orsay

ensembles used for new HQ results 

Ensemble overview

ETM nf = 2+1+1

RBC/UKQCD nf = 2+1

MILC nf = 2+1+1

MILC nf = 2+1
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Heavy Quark Treatment
• For light quarks (                      ), discretization errors  ~
 

• For heavy quarks, discretization errors ~      

    with currently available lattice spacings
for b quarks  amb > 1
for charm amc ~ 0.15-0.6

  

                need effective field theory methods for b quarks   
                for charm can use light quark methods, if action is sufficiently 
                improved 

• avoid errors of  (amb)n  in by using EFT:
✦ relativistic HQ actions (Fermilab, Columbia, Tsukuba)
✦ HQET
✦ NRQCD

or

•  use improved light quark actions for charm (HISQ, tmWilson, NP imp. Wilson, Overlap, ...)   
    and for b:

✦ use same LQ action as for charm but keep  amh  < 1, 
✦ use HQET and/or static limit to extrapolate/interpolate to b quark mass

↵k
s (a⇤QCD)nm` < ⇤QCD

↵k
s (amh)n
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Relativistic Heavy Quarks 
(Fermilab, Columbia, Tsukuba)

• start with a relativistic action, usually Wilson + O(a) improvement
• with mass-dependent matching conditions, cut-off effects are
                                           
                                          with 
                                        
                                          
                                                                                   

current implementations:   
 FNAL/MILC: tree-level tadpole O(a) improved + 1-loop PT
 PACS-CS: tree-level O(a) improved : NP @ mh=0 + 1-loop PT  for mh 
      dependence  
 RBC: NP O(a) improved

8

Heavy Quark Treatment

↵k
sf(mha)(a⇤)n

amh ⇠ 1 : f(mha) ⇠ O(1)
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NRQCD:             
• expansion in      or              and a 

• continuum limit defined as               does not exist
   (power-law divergent terms in coefficients)

• keep                 , i.e. a finite.
 
• “continuum limit” at             :
    match and improve to high enough order in             and a
    so that residual truncation and discretization errors are small  
       
• needs a scaling window where                and 
 
           for b quarks  ⇒                     

Current implementation (HPQCD):  

• errors 
           

v2

a ! 0

a 6= 0

a⇤ ⌧ 1

a & 0.05 fm

9

Heavy Quark Treatment

mha > 1

⇤/mh

mha > 1

⇠ O(↵sv
2), O(↵sv

4), O(v6), O(↵s(a⇤)2)

⇤/mh
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HQET:

 leading term, static limit:  
•         improved,           effects not included 
• SU(3) breaking ratios have suppressed truncation errors  

  
 systematic expansion in            

 matching NP to obtain            accuracy

current implementations:  
HQET (ALPHA):  NP matched through             + NPR 
                            error  

static (RBC/UKQCD): for SU(3) breaking ratios,
                                   error estimated by power counting

 

⇠ O(a⇤2/mh, (⇤/mh)2, (a⇤)2)
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O(a)

1/mQ

1/mn
Q

O(a)

1/mQ

1/mn
Q

O(a)

1/mQ

1/mn
Q
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O(a)

1/mQ

1/mn
Q

O(a)

1/mQ

1/mn
Q

Heavy Quark Treatment

O(a)

1/mQ

1/mn
Q
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Light Quark Actions for b quarks

• Heavy HISQ method (HPQCD):

 HISQ action is highly improved for heavy quarks:

 MILC ensembles with  
 

 keep

 extrapolate to b quark mass using HQET inspired expansion.

a ⇡ 0.045� 0.15 fm

⇠ ↵s⇤/mh(amh)2, (⇤/mh)2(amh)4
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Heavy Quark Treatment

amh  0.85
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Heavy HISQ method 2

FIG. 1. The leptonic decay constant fHs
for pseudoscalar hs mesons Hs, plotted on the left versus the Hs mass as the h-

quark’s mass is varied. The solid line and gray band show our best-fit estimates for the decay constants extrapolated to zero
lattice spacing. Best-fit results (dashed lines) and simulation data are also shown for five different lattice spacings, with results
for smaller lattice spacings extending to higher masses (since we restrict amh < 1). The simulation data points have been
corrected for small mistunings of the s quark’s mass. On the right the same simulation data and fits are plotted for

√
mHs

fHs

versus 1/mHs
.

TABLE I. Parameter sets used to generate the 3-flavor gluon
configurations analyzed in this paper. The lattice spacing
is specified in terms of the static-quark potential parameter
r1=0.3133(23) fm [10]; values for r1/a are from [9]. The bare
quark masses are for the ASQTAD formalism and u0 is the
fourth root of the plaquette. The spatial (L) and temporal
(T ) lengths of the lattices are also listed, as are the number
of gluon configurations (Ncf) and the number of time sources
(Nts) per configuration used in each case.

Set r1/a au0m0u/d au0m0s u0 L/a T/a Ncf ×Nts

1 2.152(5) 0.0097 0.0484 0.860 16 48 631 × 2
2 2.618(3) 0.01 0.05 0.868 20 64 595 × 2
3 3.699(3) 0.0062 0.031 0.878 28 96 566 × 4
4 5.296(7) 0.0036 0.018 0.888 48 144 201 × 2
5 7.115(20) 0.0028 0.014 0.895 64 192 208× 2

meson. The ηs is an unphysical pseudoscalar ss meson
whose valence quarks are not allowed to annihilate; we
use its mass to tune the bare mass of the s quark: simu-
lations show that its mass is mηs,phys = 0.6858(40)GeV
when the s mass is correctly tuned [10].

We expect some statistical correlation between results
from the same configuration set but with different h-
quark masses. We have not measured these, but we have
verified that our results are insensitive (at the level of
±σ/4) to such correlations. We introduce a 50% correla-
tion for our fits, which increases our final error estimates
slightly.

Our strategy for extracting fBs
is first to fit our simu-

TABLE II. Simulation results for each of the five configura-
tion sets (Table I) and several values of the heavy-quark’s
mass mh. The s-quark’s mass ms is tuned to be close to its
physical value. Results are given for: the leptonic decay con-
stant fHs

and mass mHs
of the pseudoscalar hs meson, and

masses of the pseudoscalar hh and ss mesons, mηh and mηs

respectively.

ams aMηs amh aMHs
afHs

amηh

1 0.061 0.5049(4) 0.66 1.3108(6) 0.1913(7) 1.9202(2)
0.061 0.5049(4) 0.81 1.4665(8) 0.197(1) 2.1938(2)

2 0.0492 0.4144(2) 0.44 0.9850(4) 0.1500(5) 1.4240(1)
0.0492 0.4144(2) 0.63 1.2007(5) 0.1559(7) 1.8085(1)
0.0492 0.4144(2) 0.85 1.4289(8) 0.161(1) 2.2193(1)

3 0.0337 0.2941(1) 0.3 0.7085(2) 0.1054(2) 1.03141(8)
0.0337 0.2941(1) 0.413 0.8472(2) 0.1084(2) 1.28057(7)
0.0337 0.2941(1) 0.7 1.1660(4) 0.1112(5) 1.86536(5)
0.0337 0.2941(1) 0.85 1.3190(5) 0.1123(6) 2.14981(5)

4 0.0228 0.2062(2) 0.273 0.5935(2) 0.0750(3) 0.8994(1)
0.0228 0.2062(2) 0.564 0.9313(5) 0.0754(6) 1.52542(6)
0.0228 0.2062(2) 0.705 1.0811(8) 0.0747(8) 1.80845(6)
0.0228 0.2062(2) 0.85 1.228(1) 0.074(1) 2.08753(6)

5 0.0165 0.1548(1) 0.195 0.4427(3) 0.0555(3) 0.67113(6)
0.0165 0.1548(1) 0.5 0.8038(8) 0.055(1) 1.34477(8)
0.0165 0.1548(1) 0.7 1.017(1) 0.053(2) 1.75189(7)
0.0165 0.1548(1) 0.85 1.168(2) 0.052(2) 2.04296(7)

lation results for fHs
to the HQET-inspired formula [11]

fHs
(a,mHs

,mηs
) =

(mHs
)b
(

αV (mHs
)

αV (mDs
)

)−2/β0 Nm−1
∑

i=0

Ci(a)

(

1

mHs

)i

+ cs(m
2
ηs

−m2
ηs,phys), (1)

where β0=11− 2nf/3 = 9 in our simulations [12], αV is

HPQCD 11A (Phys.Rev. D85 (2012) 031503)

HPQCD sees similar behavior for other HL quantities. For HH quantities 
discretization errors are a bit larger (but still small). 
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Heavy Quark Treatment

Light Quark Actions for b quarks

• Ratio Method (ETM):

 use improved action with    

 construct ratios (z) of quantities so that 
   For example, for   

         
                                             →

   where λ ~ 1.2
 

 discretization errors are suppressed for such ratios

 use HQET to extrapolate to physical b quark mass.

amh  0.6

mh ! 1 : z ! 1

fB : �(mh) ⌘ fh`
p
mH z = �(mh)/�(mh/�)

Saturday, March 8, 14



 

 D meson physics

• leptonic

• semileptonic

• Vcs and Vcd
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fD, fDs , fDs/fD

D ! K(⇡)`⌫

Saturday, March 8, 14



D+
s ! µ+⌫µ
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example:

s̄

c

W
µ+

⌫µ

Ds+

 use experiment + LQCD input for determination of CKM element

 same for B (|Vub|) meson
 

 experimental uncertainty (Rosner & Stone, arXiv:1309.1924):

Ds: 1.8%         D+: 2.4%

   radiative correction of ~1% included for muon final state

D and Ds meson decay constants

�(D+
s ! µ+⌫µ) = (known)⇥ |Vcs|2 ⇥ f2

D+
s

Saturday, March 8, 14
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FLAG-2 plot conventions

Satisfies all quality criteria; included in average. 

Satisfies all quality criteria, but not included in average because 
the result is superseded or published in a conference proceedings. 

Doesn’t satisfy all quality criteria; not included in average. 

FLAG-2 average for each Nf 

 

Non-lattice result 
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New results. Not rated for FLAG-2 quality criteria; not included in 
average.

Satisfies all quality criteria; included in average. 

Satisfies all quality criteria, but not included in average because 
the result is superseded or published in a conference proceedings. 

Doesn’t satisfy all quality criteria; not included in average. 

FLAG-2 average for each Nf 

 

Non-lattice result 
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FLAG-2 plot conventionsMy
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D and Ds meson decay constants

1.1%1.6%

small errors due to
✦ highly improved action
   (HISQ)
✦ absolutely normalized 
current
✦ Asqtad ensembles with 
small lattice spacings

Saturday, March 8, 14
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D and Ds meson decay constants

1.6% 1.1%

0.5%0.5%
New results (shown 
in magenta) not 
included in FLAG-2 
averages.

small errors due to
✦ physical light quark 
masses
✦ highly improved action
   (HISQ)
✦ absolutely normalized 
current
✦ HISQ ensembles with small 
lattice spacings (0.06 fm)

New results with other improved actions (DWF, twisted-mass 
Wilson, NP Wilson)

Saturday, March 8, 14



d�(D!K`⌫)
dq2 = (known) |pK |3 |Vcs|2

��fD!K
+ (q2)

��2

D ! K`⌫

★ HFAG average for                    :  0.6% (2.1%)
★ experimental average neglects Coulomb correction in neutral 
meson decay ~1%
  
★  use shape to test LQCD and improve CKM determination

f+(0)|Vcs(d)|
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semileptonic D decay

example:

D0

ū

c s

K�

e+

⌫eW

Saturday, March 8, 14
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D ! K(⇡)`⌫ & Vcs(d)Form factors for

4.4% 2.5%

New results (shown 
in magenta) not 
included in FLAG-2 
averages.

small errors due to 
✦  highly improved action
   (HISQ)
✦ absolutely normalized 
current

improvement due to
✦  adding shape 

new results coming soon
✦  ETM
✦ FNAL/MILC

Saturday, March 8, 14
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Vcd & VcsImplications for

3.8% 2.1%

Saturday, March 8, 14



B ! D⌧⌫
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 B meson physics  

• leptonic

• semileptonic heavy to light

• B to D or D* decays

 

B ! D(⇤)`⌫ & Vcb

B ! ⇡`⌫ & Vub B ! K(⇡)`+`�

fB , fBs , fBs/fB

Bs ! K`⌫

Bs ! Ds`⌫

Saturday, March 8, 14
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B and Bs meson decay constants

B+ ! ⌧+⌫⌧

Bs ! µ+µ�

Experimental average for branching fraction:  25%

Experimental average for branching fraction:  24% 

experimental measurement suffer from helicity suppression

Saturday, March 8, 14



New results (shown 
in magenta) not 
included in FLAG-2 
averages.
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B and Bs meson decay constants

2.2% 2.0%

small errors due to 
✦  highly improved action
   (heavy HISQ method)
✦ absolutely normalized 
current

HPQCD 13:
✦ physical mass ensembles
✦ NRQCD-HISQ 
perturbative matching error 
dominates

Saturday, March 8, 14
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B ! ⇡`⌫ & VubForm factor for

B ! ⇡`⌫

d

B0

b̄ ū

⇡�

W

µ+

⌫µ

d�(B!⇡`⌫)
dq2 = (known)⇥ |Vub|2 ⇥

��f+(q2)
��2

★  shape for semileptonic B decays: 
     use z-expansion for model-independent 
     parameterization of q2 dependence

Saturday, March 8, 14
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B ! ⇡`⌫ & VubForm factor for

Saturday, March 8, 14
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Determine Vub from combined fit. 

-0.2 -0.1 0 0.1 0.2
z(q2,topt)

0.2

0.3

0.4

0.5

0.6

0.7

0.8

(1
-q

2 /m
2 B* ) 

 f +
(q

2 )

 FNAL/MILC 08A
 HPQCD 06
 BaBar

B ! ⇡`⌫ & VubForm factor for

Saturday, March 8, 14
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VubImplications for

} 6.3%
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• blind analysis

• Nf = 2+1 (Asqtad)
• 4 a’s, 12 ensembles
• Fermilab b quarks 

• new functional method for
z-expansion fit after chiral 
extrapolation.

• systematic error analysis 
in progress.

D. Du (FNAL/MILC) @ Lattice 2013

PRELIMINARY

B ! ⇡`⌫ & VubForm factor for

Bs ! K`⌫ & Vubalso in progress:  Y. Liu (FNAL/MILC)

Saturday, March 8, 14
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T. Kawanai (RBC/UKQCD) @ Lattice 2013

also: recent work by HPQCD (C. Bouchard @ Lattice 2013)
         using NRQCD-HISQ quarks

B ! ⇡`⌫ & VubForm factor for

• Nf = 2+1 (DWF)
• 2 a’s, 5 ensembles
• RHQ b quarks 

• systematic error analysis 
in progress.

0.00

0.05

0.10

0.15

0.20

-0.3 -0.2 -0.1  0  0.1  0.2

  P  
  φ

 f +
 / 

0

 z 

χ2/d.o.f. = 0.41,   p-value = 66%

preliminary f+
f0
mixed z-fit
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 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  4  8  12  16  20  24
q2 [GeV2]

f+ f0

data

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  4  8  12  16  20  24
q2 [GeV2]

fT

data

C. Bouchard (HPQCD) @ Lattice 2013
based on 1306.0434, 1306.2384

B ! K`+`�Form factors for 

also in progress: FNAL/MILC (R. Zhou @ Lattice 2013)
                            using Fermilab b quarks 
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B ! K`+`�Form factors for 

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0  4  8  12  16  20  24

d
B
l
 /

 d
q

2
 [

1
0

-7
/ 

G
eV

2
]

q
2
 [GeV

2
]

J/ψ ψ (2S) Belle
BABAR
CDF
LHCb [16]
LHCb [17]

SM theory compared to experiment
(courtesy of C. Bouchard)

based on 1306.0434, 1306.2384
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at zero recoil (HFAG 2011): 

⇒ need form-factors at non-zero recoil for Vcb determination from  

|Vcb|F(1) = (35.90± 0.45)⇥ 10�3

|Vcb|G(1) = (42.6± 1.5)⇥ 10�3

A. El-Khadra, Lattice meets Experiment, Fermilab, 07 Mar 2014 34

d�(B!D`⌫)
d! = (known)⇥ |Vcb|2 ⇥ (!2 � 1)

3/2|G(!)|2

d�(B!D⇤`⌫)
d! = (known)⇥ |Vcb|2 ⇥ (!2 � 1)

1/2|F(!)|2

B ! D`⌫ :

B ! D⇤`⌫ :

B ! D`⌫ :

Form factors for B ! D(⇤)`⌫ & Vcb

Note: the experimental average doesn’t include Coulomb correction
          (~1%) for the neutral meson decay 

Saturday, March 8, 14
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Form factors forB ! D(⇤)`⌫ & Vcb

New results (shown 
in magenta) not 
included in FLAG-2 
averages.

FNAL/MILC:
small errors due to 
✦  use of ratios 
✦ 2013:
   5 a’s, 12 ensembles
✦ new results by Orsay group 
using ETM ratio method
✦ work in progress:
    HPQCD  (NRQCD-HISQ)
    Bailey (OK action)

1.4%

1.8%

Also recent work on Bs → Ds(*) form factors
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New result (shown 
in magenta) not 
included in FLAG-2 
average.

VcbImplications for

FNAL/MILC 2013 
(arXiv:1403.0635):

✦  estimate of Coulomb 
correction included, adds 0.5% 
error
✦ LQCD error commensurate 
with experiment

Saturday, March 8, 14



•                                                                            (Fleischer et al, arXiv:1004.3984):

      form factor ratio calculated in lattice QCD

•                                                                       
   measured by BaBar, observed tension with the SM
   depends on scalar form factor
   calculated in lattice QCD  
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Bs ! Ds`⌫/B ! D`⌫ & Bs ! µ+µ�

other interesting quantities

into a Bq meson or a Λb baryon. The fragmentation fractions fq may depend on the en-
vironment, so they are best measured in situ in each experiment. Thus, improving the
determination of the fragmentation ratio fs/fd will tighten the limits and increase the sig-
nificance of measurements.

The quantity fs/fd has generally been determined from semileptonic decays [15], an
approach that LHCb has newly refined [16]. Recently, Fleischer, Serra, and Tuning proposed
two approaches based on measuring the ratio relative to nonleptonic decays BR(B̄0

s →
D+

s π
−)/BR(B̄0 → D+K−) [17] or BR(B̄0

s → D+
s π

−)/BR(B̄0 → D+π−) [18]. An important
ingredient in both approaches is the approximate factorization of the nonleptonic decay
amplitudes, which relies on the corrections to naive factorization of the light meson in the
final state being small and calculable [19]. The D+K− method is favored in this regard,
because it receives contributions only from color-allowed tree-diagram-like topologies which
yield smaller nonfactorizable effects [18].

The ratio BR(B̄0
s → D+

s π
−)/BR(B̄0 → D+K−) is related to fs/fd by analogy with

Eq. (1.2). Via factorization, the amplitudes for these nonleptonic processes can be expressed
as a product of the light-meson decay constant and a semileptonic form factor for B(s) →
D(s)"ν. This leads to a way to measure fs/fd [17, 20]:

fs
fd

= 0.0743× τB0

τB0
s

×
[

εDK

εDsπ

NDsπ

NDK

]

× 1

NaNF
(1.3)

where τ denotes lifetimes, and the number 0.0743 is a product of ratios of well-known
quantities such as the light-meson decay constants, Cabibbo-Kobayashi-Maskawa (CKM)
matrix elements and kinematic factors. The factorization is parametrized by [17]
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0 (M2

π)

f (d)
0 (M2

K)

]2

. (1.5)

where a(q) is a factor accounting for the deviation from the naive factorization and f0(q2) is
a form factor for the corresponding semileptonic decay.

The hadronic method relies on theoretical inputs for Na and NF . In the limit of exact
U -spin symmetry (namely the exchange of s and d quarks throughout the process), both
reduce to 1. Fleischer, Serra, and Tuning expect the U -spin breaking |Na − 1| “to be at
most a few percent” [18, 19]. Based on an estimate from QCD sum rules [21], they quote
either NF = 1.3 ± 0.1 [17] or NF = 1.24± 0.08 [18], the latter of which LHCb uses [20]. In
either case, the biggest limitation is from the form-factor ratio NF .

A relation between fs/fd and BR(B̄0
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s π
−)/BR(B̄0 → D+π−) is derived along similar

lines [18]. In that case, the form-factor ratio becomes [f (s)
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In this paper, we calculate these two form-factor ratios using lattice QCD with 2+1 flavors
of sea quarks. We use the same set of MILC ensembles of gauge configurations [22] and the
same sequence of bootstrap copies for both of the B0

s and B0 processes, which reduces the
statistical error by correctly accounting for correlations. We include the contributions of
the first radially excited states in the fits of correlation functions to avoid the respective
systematic errors. Such a treatment turns out to be necessary for calculations at nonzero
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Na =

[

a(s)1 (D+
s π

−)

a(d)1 (D+K−)

]2

, (1.4)
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where a(q) is a factor accounting for the deviation from the naive factorization and f0(q2) is
a form factor for the corresponding semileptonic decay.

The hadronic method relies on theoretical inputs for Na and NF . In the limit of exact
U -spin symmetry (namely the exchange of s and d quarks throughout the process), both
reduce to 1. Fleischer, Serra, and Tuning expect the U -spin breaking |Na − 1| “to be at
most a few percent” [18, 19]. Based on an estimate from QCD sum rules [21], they quote
either NF = 1.3 ± 0.1 [17] or NF = 1.24± 0.08 [18], the latter of which LHCb uses [20]. In
either case, the biggest limitation is from the form-factor ratio NF .

A relation between fs/fd and BR(B̄0
s → D+

s π
−)/BR(B̄0 → D+π−) is derived along similar

lines [18]. In that case, the form-factor ratio becomes [f (s)
0 (M2
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(d)
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2, i.e., with both

numerator and denominator evaluated at q2 = M2
π .

In this paper, we calculate these two form-factor ratios using lattice QCD with 2+1 flavors
of sea quarks. We use the same set of MILC ensembles of gauge configurations [22] and the
same sequence of bootstrap copies for both of the B0

s and B0 processes, which reduces the
statistical error by correctly accounting for correlations. We include the contributions of
the first radially excited states in the fits of correlation functions to avoid the respective
systematic errors. Such a treatment turns out to be necessary for calculations at nonzero
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R(D) = Br(B ! D⌧⌫)/Br(B ! D`⌫)
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 Neutral meson mixing

• B mesons

• D mesons 
         

fB
p
BB , fBs

p
BBs , ⇠

Saturday, March 8, 14



⇠ ⌘ fBs

p
BBs

fBd

p
BBd

�Ms
�Md

= mBs
mBd

⇥
���Vts
Vtd

���
2
⇥ ⇠2

hO1�5i

A. El-Khadra, Lattice meets Experiment, Fermilab, 07 Mar 2014 39

�Md = (known)⇥ |V ⇤
tdVtb|2 ⇥ hB0|O�B=2|B0i

⇠ f2
Bd

BBd

b d

d
_

b
_

W W

u,c,t

u,c,t

B0

_

B0

B0
d �B0

d
mixing

example:

neutral B, and Bs meson mixing

also:

with

• many groups also calculate BSM mixing parameters
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B and Bs meson mixing parameters

New results (shown 
in magenta) not 
included in FLAG-2 
averages.
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B and Bs meson mixing parameters

4.5%7.9%

New results (shown 
in magenta) not 
included in FLAG-2 
averages.

✦ new results coming soon 

    FNAL/MILC 
    ETM
    HPQCD
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B and Bs meson mixing parameters

J. Chang (FNAL/MILC) @ Lattice 2013

FNAL/MILC: 
✦ 4 a’s, 14 ensembles
✦ Fermilab b quarks
✦ systematic error analysis in
progress
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D meson mixing parameters

J. Chang (FNAL/MILC) @ Lattice 2013 FNAL/MILC: 
✦ 4 a’s, 14 ensembles
✦ Fermilab charm quarks
✦ systematic error analysis in 
progress

ETM (Lattice 2013):
✦ new results with Nf =2+1+1 
and Nf =2
✦ using tmWilson charm 
quarks 

matrix elements of local operators only 
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Conclusions & Outlook
• three groups have already generated ensembles with light sea quark 
masses at their physical values   
     ⇒ expect to see an increasing number of physics results with these
         and an increasing number of such ensembles

• light quark methods for charm: HISQ, tmWilson, NP Wilson, DWF, ....
   ⇒ high precision

• heavy quark methods for b: NRQCD, HQET, Fermilab, RHQ, Tsukuba,
             heavy HISQ, ETM ratio method, ... 
    look for consistency between results with different methods

• If discretization/truncation/matching errors dominate, gain from physical 
mass ensembles is less apparent
    heavy HISQ, ETM ratio method look promising

• averages: FLAG-2 ⇒ use as inputs to UT fits

• expand LQCD calculations to weak decays of heavy baryons (in progress)
             vector meson final states (in progress) 
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Conclusions & Outlook
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Summary
Report of the Lattice QCD Task Force 33

Quantity CKM Present 2007 forecast Present 2018

element expt. error lattice error lattice error lattice error

fK/f⇡ |Vus| 0.2% 0.5% 0.4% 0.15%

fK⇡
+

(0) |Vus| 0.2% – 0.4% 0.2%

fD |Vcd| 4.3% 5% 2% < 1%

fDs |Vcs| 2.1% 5% 2% < 1%

D ! ⇡`⌫ |Vcd| 2.6% – 4.4% 2%

D ! K`⌫ |Vcs| 1.1% – 2.5% 1%

B ! D⇤`⌫ |Vcb| 1.3% – 1.8% < 1%

B ! ⇡`⌫ |Vub| 4.1% – 8.7% 2%

fB |Vub| 9% – 2.5% < 1%

⇠ |Vts/Vtd| 0.4% 2–4% 4% < 1%

�ms |VtsVtb|2 0.24% 7–12% 11% 5%

BK Im(V 2

td) 0.5% 3.5–6% 1.3% < 1%

Table 6. History, status and future of selected lattice-QCD calculations needed for the determination
of CKM matrix elements. 2007 forecasts are from Ref. [112]. Most present lattice results are taken from

latticeaverages.org [113]. The quantity ⇠ is fBs

p
BBs/(fB

p
BB).

written [112]), only fK/f⇡ was fully controlled. A sample of present errors is collected in Table 6. For K
mesons, errors are at or below the percent level, while for D and B mesons errors range from few to ⇠10%.

The lattice community is embarking on a three-pronged program of future calculations: (i) steady but
significant improvements in “standard” matrix elements of the type just described, leading to much improved
results for CKM parameters (e.g., Vcb); (ii) results for many additional matrix elements relevant for searches
for new physics and (iii) the extension of lattice methods to more challenging matrix elements which can
both make use of old results and provide important information for upcoming experiments.

Reducing errors in the standard matrix elements has been a major focus of the lattice community over the last
five years, and the improved results illustrated in Table 6 now play an important role in the determination
of the CKM parameters in the “unitarity triangle fit.” Lattice-QCD calculations involve various sources
of systematic error (the need for extrapolations to zero lattice spacing, infinite volume and the physical
light-quark masses, as well as fitting and operator normalization) and thus it is important to cross-check
results using multiple discretizations of the continuum QCD action. (It is also important to check that
results for the hadron spectrum agree with experiment. Examples of these checks are shown in the 2013
whitepaper [111].) This has been done for almost all the quantities noted above. This situation has spawned
two lattice averaging e↵orts, latticeaverages.org [113] and FLAG-1 [114], which have recently joined
forces and expanded to form a worldwide Flavor Lattice Averaging Group (FLAG-2), with first publication
expected in mid-2013.

The ultimate aim of lattice-QCD calculations is to reduce errors in hadronic quantities to the level at which
they become subdominant either to experimental errors or other sources of error. As can be seen from
Table 6, several kaon matrix elements are approaching this level, while lattice errors remain dominant in
most quantities involving heavy quarks. Thus the most straightforward contribution of lattice QCD to the
future intensity frontier program will be the reduction in errors for such quantities. Forecasts for the expected
reductions by 2018 are shown in the table. These are based on a Moore’s law increase in computing power,

Community Planning Study: Snowmass 2013

Quark Flavor Physics Working Group (arXiv:1311.1076) 

---- 0.5%
---- 0.5%

---- 1.4%
→ ~4%
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8

latticeaverages.org

Lattice 2013

Enrico Lunghi (LLV)

Conclusions: UT fit
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Conclusions & Outlook

• Sub leading effects:

• Isospin: leading order correction included via tuning light valence quarks
             (can also include EM isospin corrections)
             effects due to the degenerate sea ~ NNLO in ChPT 

• errors can be further reduced: 
simulations with 1+1+1+1 sea quarks (nondegenerate)
add QED
 

• radiative corrections: 
are already relevant for heavy quark physics ~0.5% 
not straightforward

• include charm quark in sea  ✓
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Backup slides
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Motivation

time line: quark flavor experiments

past ARGUS, CLEO, NA48, KTeV, BNL kaon experiments,...  

~ now LHCb, BaBar, Belle, BES III

CDF, D0, CLEO-c, KLOE, ...

~ 2015 Belle II, LHC upgrade
NA62
KOTO

~ later
ORKA

Project X

a rich history and exciting future!

great discovery potential!

...
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Combined LHCb + CMS Result

Observation:

BR(Bs → µ+µ−) = (2.9 ± 0.7) × 10−9

BR(B0 → µ+µ−) = 3.6+1.6
−1.4

× 10−10

LHCb-CONF-2013-012, CMS-PAS-BPH-13-007
Stephanie Hansmann-Menzemer 26

S. Hansmann-Menzemer @ EPS 2013

Motivation:Bs ! µ+µ�
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Figure 1: Error budgets for the two branching ratio calculations of Bs ! µ+µ� in the
Standard Model given in (30) (left) and (33) (right).

The most recent world averages for FBs [3] and ⌧Bs [4] are

FBs = (225 ± 3) MeV, ⌧Bs = 1.503(10) ps (31)

to be compared with FBs = (227 ± 8) MeV and ⌧Bs = 1.466(30) ps used in Ref. [2].
While the change in ⌧Bs is an experimental improvement, confirmation of the impressive
accuracy on FBs is eagerly awaited. In Ref. [2] a more conservative approach has been
used, but here we follow Ref. [3], updating also ⌧Bs . With unchanged input on Mt and Vts

with respect to Ref. [2] we arrive at (1) and consequently, after including the correction
from ��s, at (4).

Now as stressed and analysed in [2, 25] additional modifications could come from
complete NLO electroweak corrections, which have just been completed (M. Gorbahn,
private communication) and a↵ect the overall factor in (30) by roughly 3%. The leftover
uncertainties due to unknown NNLO corrections are therefore fully negligible. Taking
at face value the present error on FBs , the current error budget for the branching ratio
is as follows:

Mt : 1.5%, FBs : 2.7%, ⌧Bs : 0.7%, |V ⇤
tbVts| : 4%, (32)

It is also depicted in the left panel of Figure 1. Evidently, after completion of NLO
electroweak e↵ects and improved values of FBs , the error on |V ⇤

tbVts| is now the largest
uncertainty but this assumes that the error on FBs is indeed as small as obtained in
Ref. [3].

While the small error on FBs is expected to be consolidated soon, the decrease of the
error in |Vts| appears to be much harder. In this context it should be recalled that the
branching ratio in question can also be calculated by using the mass di↵erence �Ms [26].
The updated parametric formula (13) of the latter paper reads

BR(Bs ! µ+µ�)SM = 3.38 ⇥ 10�9

✓
Mt

173.2 GeV

◆1.6 ✓
⌧Bs

1.500ps

◆✓
1.33

B̂Bs

◆✓
�Ms

17.72/ps

◆
.

(33)
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Standard Model prediction:  Buras, et al, arXiv:1303.3820
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Figure 1: Error budgets for the two branching ratio calculations of Bs ! µ+µ� in the
Standard Model given in (30) (left) and (33) (right).

The most recent world averages for FBs [3] and ⌧Bs [4] are

FBs = (225 ± 3) MeV, ⌧Bs = 1.503(10) ps (31)

to be compared with FBs = (227 ± 8) MeV and ⌧Bs = 1.466(30) ps used in Ref. [2].
While the change in ⌧Bs is an experimental improvement, confirmation of the impressive
accuracy on FBs is eagerly awaited. In Ref. [2] a more conservative approach has been
used, but here we follow Ref. [3], updating also ⌧Bs . With unchanged input on Mt and Vts

with respect to Ref. [2] we arrive at (1) and consequently, after including the correction
from ��s, at (4).

Now as stressed and analysed in [2, 25] additional modifications could come from
complete NLO electroweak corrections, which have just been completed (M. Gorbahn,
private communication) and a↵ect the overall factor in (30) by roughly 3%. The leftover
uncertainties due to unknown NNLO corrections are therefore fully negligible. Taking
at face value the present error on FBs , the current error budget for the branching ratio
is as follows:

Mt : 1.5%, FBs : 2.7%, ⌧Bs : 0.7%, |V ⇤
tbVts| : 4%, (32)

It is also depicted in the left panel of Figure 1. Evidently, after completion of NLO
electroweak e↵ects and improved values of FBs , the error on |V ⇤

tbVts| is now the largest
uncertainty but this assumes that the error on FBs is indeed as small as obtained in
Ref. [3].

While the small error on FBs is expected to be consolidated soon, the decrease of the
error in |Vts| appears to be much harder. In this context it should be recalled that the
branching ratio in question can also be calculated by using the mass di↵erence �Ms [26].
The updated parametric formula (13) of the latter paper reads

BR(Bs ! µ+µ�)SM = 3.38 ⇥ 10�9

✓
Mt

173.2 GeV

◆1.6 ✓
⌧Bs

1.500ps

◆✓
1.33

B̂Bs

◆✓
�Ms

17.72/ps

◆
.

(33)
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2.3 The Branching Ratio

A Bs ! µ+µ� branching ratio measurement amounts to counting all events over all
(accessible) time, and is thus defined as the time integral of the untagged rate given in
(20) [5, 9, 23]:

BR(Bs ! µ+µ�) ⌘ 1

2

Z 1

0

h�(Bs(t) ! µ+µ�)i dt. (25)

LHCb has recently presented the first measurement of the Bs ! µ+µ� time-integrated
rate [8] that we have given in (5). In contrast, the SM prediction for the Bs ! µ+µ�

branching ratio in (1) is computed theoretically for one instant in time, namely at t = 0
i.e. it neglects the e↵ects of B0

s–B̄
0
s mixing. Specifically, it is given by

BR(Bs ! µ+µ�)SM =
⌧Bs

2
h�(Bs(t) ! µ+µ�)i

���
t=0, P=1, S=0

=
⌧Bs G4

F M4
W sin4 ✓W

8⇡5

��CSM
10 VtsV

⇤
tb

��2 F 2
Bs

mBsm
2
µ

s

1 �
4m2

µ

m2
Bs

; (26)

an updated numerical estimate is given in (1).
It is now straightforward to derive the expression

BR(Bs ! µ+µ�)

BR(Bs ! µ+µ�)SM
= |P |2 + |S|2. (27)

However, as not the theoretical but the experimental branching ratio is measured, it is
useful to introduce the following ratio [5]:

R ⌘ BR(Bs ! µ+µ�)

BR(Bs ! µ+µ�)SM
=


1 + Aµµ

�� ys
1 + ys

�
⇥ (|P |2 + |S|2)

=


1 + ys cos(2'P � �NP

s )

1 + ys

�
|P |2 +


1 � ys cos(2'S � �NP

s )

1 + ys

�
|S|2, (28)

where the sizable decay width di↵erence ��s enters. The parameter R is related to R
defined in Ref. [5] by R = (1 � ys)R. Combining the theoretical SM prediction in (1)
with the experimental result in (5) gives

R = 0.90+0.42
�0.34 2 [0.30, 1.80] (95% C.L). (29)

This range should be compared with the SM value RSM = 1.
Finally we would like to explain the origin of the reduced error in (1). To this end

we return to the basic parametric formula (18) for the theoretical branching ratio in
Ref. [2]. It turns out that the changes of the input parameters over the last six months
have practically no impact on the central value obtained there. Indeed updating the
central values of FBs and ⌧Bs , we can cast this formula into the following expression:

BR(Bs ! µ+µ�)SM = 3.25 ⇥ 10�9

✓
Mt

173.2 GeV

◆3.07 ✓
FBs

225 MeV

◆2 ✓
⌧Bs

1.500ps

◆ ����
V ⇤
tbVts

0.0405

����
2

.

(30)
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Figure 1: Error budgets for the two branching ratio calculations of Bs ! µ+µ� in the
Standard Model given in (30) (left) and (33) (right).

The most recent world averages for FBs [3] and ⌧Bs [4] are

FBs = (225 ± 3) MeV, ⌧Bs = 1.503(10) ps (31)

to be compared with FBs = (227 ± 8) MeV and ⌧Bs = 1.466(30) ps used in Ref. [2].
While the change in ⌧Bs is an experimental improvement, confirmation of the impressive
accuracy on FBs is eagerly awaited. In Ref. [2] a more conservative approach has been
used, but here we follow Ref. [3], updating also ⌧Bs . With unchanged input on Mt and Vts

with respect to Ref. [2] we arrive at (1) and consequently, after including the correction
from ��s, at (4).

Now as stressed and analysed in [2, 25] additional modifications could come from
complete NLO electroweak corrections, which have just been completed (M. Gorbahn,
private communication) and a↵ect the overall factor in (30) by roughly 3%. The leftover
uncertainties due to unknown NNLO corrections are therefore fully negligible. Taking
at face value the present error on FBs , the current error budget for the branching ratio
is as follows:

Mt : 1.5%, FBs : 2.7%, ⌧Bs : 0.7%, |V ⇤
tbVts| : 4%, (32)

It is also depicted in the left panel of Figure 1. Evidently, after completion of NLO
electroweak e↵ects and improved values of FBs , the error on |V ⇤

tbVts| is now the largest
uncertainty but this assumes that the error on FBs is indeed as small as obtained in
Ref. [3].

While the small error on FBs is expected to be consolidated soon, the decrease of the
error in |Vts| appears to be much harder. In this context it should be recalled that the
branching ratio in question can also be calculated by using the mass di↵erence �Ms [26].
The updated parametric formula (13) of the latter paper reads

BR(Bs ! µ+µ�)SM = 3.38 ⇥ 10�9

✓
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◆✓
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◆
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fBsuses        from HPQCD 13

uses         from HPQCD 09B̂Bs

Motivation:Bs ! µ+µ�
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new results reported
at Lattice 2013
not included

2013 latticeaverages.org

Lattice 2013

Motivation:
2007

CKM Unitarity Triangle

Enrico Lunghi

PRELIMINARY
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summary: inputs for the UT fits
Enrico Lunghi latticeaverages.org

Lattice 2013

Saturday, March 8, 14



A. El-Khadra, Lattice meets Experiment, Fermilab, 07 Mar 2014 55

summary: UT fit output

Enrico Lunghi (LLV) latticeaverages.org

Lattice 2013

that we obtain after removing the corresponding direct determination from the fit. Finally

we interpret the observed discrepancies in terms of new physics in "K , Bd–mixing or B ! ⌧⌫.

In Figs. 1 and 2, we show the global CKM unitarity triangle fit for the three set of inputs

that we consider (complete fit and no Vub fit). In each figure, the black contours and p–

values in the top, middle and bottom panels correspond to the complete fit, the fit with

a new phase in B mixing (i.e. without using S K and ↵) and the fit with new physics in

B ! ⌧⌫ (i.e. without using BR(B ! ⌧⌫)), respectively. In the fits with a new phase in B

mixing we also show the fit predictions for sin(2�); in the fits with new physics in B ! ⌧⌫,

we show the fit predictions for BR(B ! ⌧⌫). Note that the individual contours in Figs. 1-2

never use the same constraint twice: in particular, the B ! ⌧⌫ allowed area is obtained by

using �MBs instead of the direct determination of |Vcb|.

A. Standard Fit

We include constraints from "K , �MBd
, �MBs , ↵, S K , �, BR(B ! ⌧⌫), |Vcb| and |Vub|.

The overall p-value of the Standard Model fit is p = 76.% and the results of the fit are

⇢ = 0.122± 0.022 ⌘ = 0.344± 0.013 A = 0.820± 0.015 . (9)

The predictions from all other information when the direct determination of the quantity is

removed from fit are

|Vub| = (3.49± 0.13) ⇥ 10

�3

(0.6 �) (10)

S K = 0.757± 0.050 (1.7 �) (11)

|Vcb| = (42.48± 1.1) ⇥ 10

�3

(1.1 �) (12)

bBK = 0.855± 0.11 (0.80 �) (13)

fBd

q
bBd = (206.3± 5.4) MeV (0.61 �) (14)

BR(B ! ⌧⌫) = (0.776± 0.065) ⇥ 10

�4

(1.2 �) (15)

8
><

>:

fBd
= (228.± 29.) MeV (1.3 �) complete fit

fBd
= (208.2± 31.) MeV (0.56 �) without using S K

(16)

where we indicate the deviation from the corresponding direct determination in parentheses.

The interpretation of the above discrepancies in terms of new physics in K–mixing, Bd–
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